The Maximum Number of Paths of Length Four in a Planar Graph by Ghosh, Debarun et al.
ar
X
iv
:2
00
4.
09
20
7v
1 
 [m
ath
.C
O]
  2
0 A
pr
 20
20
The Maximum Number of Paths of Length Four in a Planar Graph
Debarun Ghosh1 Ervin Gyo˝ri1,2 Ryan R. Martin3 Addisu Paulos1
Nika Salia1,2 Chuanqi Xiao1 Oscar Zamora1,4
1Central European University, Budapest
oscarz93@yahoo.es, addisu_2004@yahoo.com, chuanqixm@gmail.com,
ghosh_debarun@phd.ceu.edu
2Alfre´d Re´nyi Institute of Mathematics, Budapest
gyori.ervin@renyi.mta.hu, nika@renyi.hu
3Iowa State University, Ames, IA, USA,
rymartin@iastate.edu
4Universidad de Costa Rica, San Jose´
April 21, 2020
Abstract
Let f(n,H) denote the maximum number of copies of H in an n-vertex planar graph. The
order of magnitude of f(n, Pk), where Pk is a path of length k, is n
⌊ k
2
⌋+1. In this paper we
determine the asymptotic value of f(n, P4) and give conjectures for longer paths.
1 Introduction
For a given graph F , the Turan number ex(n, F ) is the maximum number of edges in an n-vertex
graph and containing no copy of F . The generalized Turan number was introduced in [4, 5] and was
systematically studied by N. Alon, C. Shikhelman [2, 3], by introducing the function ex(n,H,F),
which is the maximum number of copies of H in an n-vertex and F−free graphs. In the case
F = {F}, it is denoted in short by ex(n,H,F ).
The earliest result of this type of extremal graph problem is due to Zykov [17] and independently
by P. Erdo˝s [5], who determined ex(n,Ks,Kt) exactly for all s and t. Subsequently, a variety of
asymptotic and exact results were obtained. The most well-known of which is the determination of
ex(n,C5, C3) by H. Hatami, J. Hladky´, D. Kra´l’, S. Norine, and A. Razborov [15] and independently
by A. Grzesik [8]. For more results, we refer the reader to [9, 13, 4, 7, 6].
Let f(n,H) be the maximum number of copies of H in an n-vertex planar graph. Equivalently
such problems can be described as ex(n,H,F), where F is the family of subdivisions of K5 and
K3,3 [16]. S. Hakimi and E.F. Schmeichel [14] determined the exact value of f(n,H) when H is
a cycle of length 3 and cycle of length 4. Moreover, they gave a conjecture for the exact value of
f(n,H) when H is a cycle of length five. Later E. Gyo˝ri, A. Paulos, N. Salia, C. Tompkins, and O.
Zamora confirmed it in [11]. In the same paper, the order of magnitude is also given for f(n,H)
when H is a cycle of length more than 4.
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It is natural to ask the value of f(n, Pk), where Pk is a path of length k (here, the length of a
path is the number of edges). Clearly f(n, P1) = 3n − 6. Alon and Caro [1] determined the exact
value of f(n,H), where H is a complete bipartite graph in which the smaller class is of size 1 or
2. Consequently from the former result, the value of f(n, P2) is determined. In particular they
showed that
Theorem 1. [1] For n ≥ 4, f(n, P2) = n
2 + 3n− 16.
Recently, E. Gyo˝ri, A. Paulos, N. Salia, C. Tompkins, and O. Zamora in [10] determined the
exact value of f(n, P3). They proved the following results.
Theorem 2. [10] We have,
f(n, P3) =


12, if n = 4;
147, if n = 7;
222, if n = 8;
7n2 − 32n+ 27, if n = 5, 6 and n ≥ 9.
The same authors in [12] also gave the order of magnitude of f(n, Pk).
Theorem 3. [12] f(n, Pk) = Θ(n
⌊k
2
⌋+1).
In this paper we give an asymptotic value of f(n, P4), where P4 is a path of length 4.
Theorem 4. f(n, P4) = n
3 +O(n2).
This bound is asymptotically the best possible. Consider the maximal planar graph on n vertices
containing two degree n−1 vertices as shown in Figure 1. It can be checked that this graph contains
at least n3 copies of P4.
...
Figure 1: Extremal graph
Before we proceed to the proof of our result, we mention some notation. For a graph G, we use
the notation V (G) and E(G) respectively for the vertex and edge sets of the graph. The number
of paths of length 4 in G is denoted by P4(G). For a vertex v ∈ V (G), the degree of v is denoted
by dG(v). We may omit the subscript and write simply d(v) if the underlying graph is clear. Let u,
w ∈ V (G). We denote the number of vertices in G which are adjacent to both vertices by d(u,w).
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2 Proof of Theorem 4
For any given graph G and vertices u and v in G, it is easy to see that the number of paths of
length 4 in the graph with u and v the two vertices next to the terminal vertices of the path is at
most d(u)d(u, v)d(v). Thus,
P4(G) ≤
1
2
∑
u∈V (G)
∑
u 6=v∈V (G)
d(u)d(v)d(u, v).
Notice that this bound is crude in as much as we can get better order lower terms. Since
d(u, v) ≤ min{d(u), d(v)}, then
P4(G) ≤
1
2
∑
u∈V (G)
∑
u 6=v∈V (G)
d(u)d(v)min{d(u), d(v)}.
So if (x1, x2, x3, . . . , xn) is the degree sequence of G, arranged in decreasing order, we have that
P4(G) ≤
n−1∑
i=1
∑
i<j
xix
2
j .
To prove Theorem 4, we need the following lemma.
Lemma 1. Let G be a planar graph on n vertices and S ⊆ V (G) such that |S|= k. Then∑
v∈S
d(v) ≤ 2n + 6k − 16.
Proof. Let G′ be the graph induced by S. Since G′ is planar,∑
v∈S
dG′(v) ≤ 6k − 12.
Now we count the number of edges between the vertex sets S and S′, say e = e(S, S′); that is,
the number of edges in the planar bipartite graph with color classes S and S′. Since the graph is
bipartite, it is also triangle-free. Thus, each face uses at least 4 edges and each edge is counted
twice. Hence 4f ≤ 2e, where f is the number of faces in the planar graph. Using the inequality
and Euler’s formula, n+ f = e+ 2, we obtain e = e(S, S′) ≤ 2n − 4. Therefore,∑
v∈S
d(v) =
∑
v∈S
dG′(v) + e(S, S
′) ≤ 2n+ 6k − 16.
Given n ≥ 2, we define the set
An =
{
(x1, x2, x3, . . . , xn) ∈ Z
n : n ≥ x1 ≥ x2 ≥ · · · ≥ xn ≥ 0,∀k ∈ {1, . . . , n},
k∑
i=1
xi ≤ 2n+ 6k − 16 and
n∑
i=1
xi ≤ 6n− 12
}
.
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Let (x1, x2, . . . , xn) be the degree sequence of an n-vertex planar graph G in decreasing order. Since∑
v∈V (G)
d(v) = 2 |E(G)| ≤ 6n− 12, by Lemma 1, we have (x1, x2, . . . , xn) ∈ An.
Consider the function Sn : R
n → R by
Sn(x1, x2, . . . , xn) =
n−1∑
i
∑
i<j
xix
2
j ,
then Theorem 4 will be a corollary of the following theorem.
Theorem 5. For every (x1, x2, . . . , xn) ∈ An, we have
Sn(x1, x2, . . . , xn) ≤ n
3 +O(n2).
Before proving Theorem 5 we need the following lemmas.
Lemma 2. Let (x1, x2, . . . , xn) ∈ An be a point maximizing Sn over An.Then x1 − x2 ≤ 1.
Proof. Suppose by contradiction that x1 − x2 ≥ 2. Define the sequence (y1, y2, . . . , yn) ∈ An as
y1 = x1 − 1, y2 = x2 + 1 and yi = xi for all i 6= 1, 2. Then
Sn(y1, y2, . . . , yn) =
n−1∑
i=1
∑
i<j
yiy
2
j = (x1 − 1)((x2 + 1)
2 + x23 + · · ·+ x
2
n) + (x2 + 1)(x
2
3 + · · ·+ x
2
n)
+ x3(x
2
4 + · · · + x
2
n) + · · ·+ xn−1x
2
n
= x1(x
2
2 + · · ·+ x
2
n) + x2(x
2
3 + · · · + x
2
n) + · · ·+ xn−1x
2
n + (x1 − 1)(2x2 + 1).
Thus Sn(y1, y2, . . . , yn)− Sn(x1, x2, . . . , xn) = (x1 − 1)(2x2 + 1) > 0, which is a contradiction.
Lemma 3. Let (x1, x2, . . . , xn) ∈ An be a point maximizing Sn over An. If x1 = n, then
Sn(x1, x2, . . . , xn) ≤ n
3 +O(n2).
Proof. By Lemma 2, we have x2 ∈ {n, n−1}. Since x1+x2+x3 ≤ 2n+2, we see x3 ≤ 3. Therefore,
Sn(x1, x2, . . . , xn) =
n−1∑
i=1
∑
i<j
xix
2
j ≤ n((n− 1)
2 + 32 + 33 + · · ·+ 32︸ ︷︷ ︸
n−2 terms
)
+ (n− 1)(32 + 33 + · · · + 32︸ ︷︷ ︸
n−2 terms
) + 3(32 + 33 + · · ·+ 32︸ ︷︷ ︸
n−3 terms
) + · · · + 3(32)
= n(n− 1)2 + 9n(n− 2) + 9(n − 1)(n − 2) + 27(n − 3) + 27(n − 4) + · · · + 27
= n(n− 1)2 + 9(n − 2)(2n − 1) +
27
2
(n− 3)(n − 2) = n3 +O(n2).
Lemma 4. Let (x1, x2, . . . , xn) ∈ An. If x2 ≤
n
18 , then Sn(x1, x2, . . . , xn) ≤ n
3 +O(n2).
Proof.
Sn(x1, x2, . . . , xn) ≤
n−1∑
i
∑
i<j
xix
2
j ≤
n−1∑
i=1
∑
i<j
xixjx2 = x2
n−1∑
i=1
∑
i<j
xixj =
x2
2
∑
i,j
xixj
4
=
x2
2
∑
i
xi
∑
j
xj =
x2
2
(∑
i
xi
)2
=
x2
2
(6n− 12)2
Thus, if x2 ≤
n
18 , then Sn(x1, x2, . . . , xn) ≤ n
3 +O(n2).
We need the following claim to prove the lemma which follows.
Claim 1. Suppose (x1, x2, . . . , xn) ∈ An. If k is the smallest non negative integer such that
k∑
i=1
xi =
2n+ 6k − 16, then xk ≥ 7 and xk+1 ≤ 6.
Proof. Since
k∑
i=1
xi = 2n + 6k − 16, we have
k−1∑
i=1
xi + xk = 2n + 6k − 16. From the definition of A,
k−1∑
i=1
xi < 2n+6(k− 1)− 16. Therefore, 2n+6k− 16 < 2n+6(k− 1)− 16+ xk. Thus, xk ≥ 7. Now
suppose xk+1 ≥ 7. In that case, (2n+ 6k − 16) + 7 ≤ 2n+ 6(k + 1)− 16 which simplifies to 7 ≤ 6,
a contradiction. Therefore, xk+1 ≤ 6.
Lemma 5. Let (x1, x2, . . . , xn) ∈ An be a point maximizing Sn over An. One of the following must
hold:
(i) x1 = n,
(ii) x2 ≤
n
18 ,
(iii) there exists a k ≤ 11664 such that xi ≤ 6 for i > k.
Proof. Suppose that (i) and (ii) are false, that is x1 < n and x2 >
n
18 . Then we have to show that
(iii) holds. If there exists an r such
r∑
i=1
xi = 2n + 6r − 16, then take k to be the smallest such r.
Otherwise, let k be the last index such that xk is not 0. If k < n in both cases, we have xk > xk+1,
either because of Claim 1 or because xk > 0 = xk+1. Additionally, from Claim 1, we have that
xi ≤ 6 for i > k. We are going to prove that k ≤ 11664, hence k satisfies (iii).
Define y = (y1, y2, y3, . . . , yn) by y1 = x1 + 1, yk = xk − 1 and, yi = xi for i 6= 1, k. And note
y ∈ An. We have
Sn(y1, y2, . . . , yn) =
n−1∑
i=1
∑
i<j
yiy
2
j
= (x1 + 1)
(
x22 + x
2
3 + · · ·+ x
2
k−1 + (xk − 1)
2 + x2k+1 + · · · + x
2
n
)
+ x2
(
x23 + x
2
4 + · · ·+ x
2
k−1 + (xk − 1)
2 + x2k+1 + · · ·+ x
2
n
)
+ · · ·+ xk−1
(
(xk − 1)
2 + x2k+1 + · · ·+ x
2
n
)
+ (xk − 1)
(
x2k+1 + · · ·+ x
2
n
)
+ · · · + xn−1x
2
n
=
n−1∑
i=1
∑
i<j
xix
2
j + (1− 2xk)(1 + x1 + x2 + x3 + · · · + xk−1)
+
(
x22 + x
2
3 + · · ·+ x
2
n
)
−
(
x2k+1 + x
2
k+2 + · · ·+ x
2
n
)
.
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Thus, Sn(y1, y2, . . . , yn)−Sn(x1, x2, . . . , xn) = (x
2
2+x
2
3+ · · ·+x
2
k)− (2xk−1)(1+x1+x2+ · · ·+xk).
Since Sn(y1, y2, . . . , yn) ≤ Sn(x1, x2, . . . , xn), x2 >
n
18 and
k∑
i=1
xi ≤ 6n, we have
n2
182
< (x22 + x
2
3 + x
2
4 + · · ·+ x
2
k) ≤ (2xk − 1)(1 + x1 + x2 + x3 + · · ·+ xk) < 12nxk.
Therefore, xk >
n
182·12
. Hence we have 6n ≥
k∑
i=1
xi ≥ k
n
182·6
and k ≤ (18 · 6)2 = 11664.
Lemma 6. Let m ≥ 2 be an integer and x1, x2, . . . , xm be reals such that x1 ≥ x2 ≥ · · · ≥ xm ≥ 0.
Put t :=
m∑
i=1
xi, then Sm(x1, x2, x3, . . . , xm) ≤ (t/2)
3.
Proof. We are going to proceed by induction on m. First, we show the relation holds for m = 2.
Let x1, x2 be real numbers such that x1 ≥ x2 ≥ 0 and t = x1 + x2, which gives x2 = t− x1. Hence,
S2(x1, x2) = S(x1, t− x1) = x1(t− x1)
2.
Let f(x) = x(t − x)2. We have f ′(x) = t2 − 4tx + 3x2 = (t − x)(t − 3x), which is negative in
[t/2, t]. Since x1 ≥ t/2, we have
S2(x1, x2) = f(x1) ≤ max
t/2≤x≤t
f(x) = f (t/2) =
t3
8
.
Therefore, the lemma holds for m = 2.
Now suppose m ≥ 3 is such that the lemma is true for m − 1, and let x1, x2, . . . , xm be real
numbers such that x1 ≥ x2 ≥ · · · ≥ xm ≥ 0 and
∑m
i=1 xi = t. By the induction hypothesis, we have
Sm−1(x1, x2, . . . , xm−1) ≤
(
t−xm
2
)3
. Thus, we get
Sm(x1, x2, . . . , xm) = Sm−1(x1, x2, . . . , xm−1) + (x1 + x2 + x3 + · · ·+ xm−1)x
2
m
= Sm−1(x1, x2, . . . , xm−1) + (t− xm)x
2
m ≤
(t− xm)
3
8
+ (t− xm)x
2
m.
Let g(x) = (t−x)
3
8 + (t − x)x
2, then g′′(x) = 11t−27x4 . We have that xm ≤
t
m ≤
t
3 , and
g′′(x) ≥ 2t4 ≥ 0, for x ≤ t/3. Thus g is convex in [0, t/3], therefore
Sm(x1, x2, . . . , xm) ≤ g(xm) ≤ max
0≤x≤t/3
g(x) = max {g(0), g (t/3)} = max
{
t3
8
,
t3
9
}
=
t3
8
.
Now we are able to prove Theorem 5.
Proof of Theorem 5. Take (x1, x2, . . . , xn) maximizing Sn over An. By Lemma 5 we have three
possible cases.
If x1 = n, then Sn(x1, x2, . . . , xn) ≤ n
3 +O(n2) by Lemma 3.
If x2 ≤
n
18 , then Sn(x1, x2, . . . , xn) ≤ n
3 +O(n2) by Lemma 4.
If there exists a k satisfying (iii) in Lemma 4, then we have that
k∑
i=1
xi ≤ 2n+6k = 2n+O(1).
Hence by Lemma 6, we have Sk(x1, x2, . . . , xk) ≤
(
2n +O(1)
2
)3
= n3+O(n2). Therefore, together
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with the fact that xi ≤ 6 for i > k,
Sn(x1, x2, . . . , xn) =
n−1∑
i=1
n∑
j=i+1
xix
2
j ≤
n−1∑
i=1

 k∑
j=i+1
xix
2
j +
n∑
j=k+1
xix
2
j


=
k−1∑
i=1
k∑
j=i+1
xix
2
j +
n−1∑
i=k
k∑
j=i+1
xix
2
j +
n−1∑
i=1
n∑
j=k+1
xix
2
j
≤ Sk(x1, x2, . . . , xk) +O(n
2) + 36n
n−1∑
j=1
xj
≤ n3 +O(n2).
3 Conjectures and Concluding Remarks.
Let Pk be a path of length k. We propose the following conjectures of the asymptotic values of
f(n, P2ℓ) and f(n, P2ℓ+1).
Conjecture 1. For paths with even length, f(n, P2ℓ) = 4ℓ
(
n
ℓ
)ℓ+1
+O(nℓ).
Conjecture 2. For paths with odd length, f(n, P2ℓ+1) = 8ℓ(ℓ+ 1)
(
n
ℓ
)ℓ+1
+O(nℓ), for ℓ ≥ 2.
For ℓ ≥ 3, in both cases the lower bound is attained from planar graph on n vertices obtained
with a balanced blowing up of maximum independent set of vertices of a 2ℓ−vertex cycle and
joining the vertices by path, see Figure 2. In the case of ℓ = 2, the lower bound is attained from
an n-vertex planar graph given in Figure 1.
... . . .
..
.
Figure 2: The graph obtained after blowing up an independent set in an even cycle and joining
the vertices by a path. This planar graph attains the lower bound stated in Conjecture 1 and
Conjecture 2.
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